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Abstract-Analytical solutions are obtained for periodic heat flow through a large finite plane slab of 
isotropic material. The results are used to calculate thermal diffusivity values from measurements of the 
time delay in the passage of a steady periodic temperature variation through solid plane walls of brick 

and concrete construction. 

INTRODUCTION 

THE FLOW of heat in a naturally exposed wall of 
a building is rarely steady. An indication of the 
kind of fluctuation that may be experienced is 
given by the temperatures shown in Fig. 1 that 
were measured in a brick wall during a 24 h 
period. Though walls may have similar values 
of thermal transmittance (air-to-air coefficient 
of heat transfer) they will respond differently to 
fluctuations in the ambient temperature accord- 
ing to differences in their thermal capacities. 

The physical property of a material essential 
to considering variable heat flow in a body is 
the thermal diffusivity (K), defined as the ratio 
of conductivity (k) to the product of density (p) 
and specific heat (c). Whereas thermal con- 
ductivity defines heat flow in steady state, 
diffusivity determines temperature flow in the 
non-steady state and, by similarity, may be 
described as the temperature conductivity. Ther- 
mal diffusivity may be calculated from the 
defining formula K = klpc if the component 
properties are known. Alternatively it may be 
determined experimentally by measuring a 
temperature versus time relationship in the 
passage of an applied temperature variation 
through a test specimen. References to theoretical 
arrangements with solutions, suitable for ex- 
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perimental application, may be found among 
the many cases of diffusion phenomena in 
solids considered by Barrer [l], Carslaw and 
Jaeger [2], Crank [3] and others. In the work 
reported below the thermal diffusivities of some 
essentially homogeneous walls were determined 
by applying a periodic temperature variation to 
one surface and measuring the time lag, or 
interval, between this variation and the resulting 
temperature change at the opposite face. As a 
check on the accuracy of the method the ratio 
of the amplitudes of these temperature variations 
was calculated using the experimentally deter- 
mined diffusivity values and compared with the 
amplitude attenuations observed. 

Before proceeding to an account of the 
experiment and the results obtained the necessary 
mathematical formulae will first be derived by 
obtaining an exact solution for the steady 
periodic temperature change in a large homo- 
geneous slab of finite thickness when exposed at 
one surface to a thermal domain that is varying 
harmonically in temperature. 

THEORY 

A solution of the equation for the linear flow 
of heat in an isotropic solid bounded by a pair 
of parallel planes is required defining the ampli- 
tude damping and time lag in the temperature 
variation at one surface (hereafter called the 
inside surface) due to a sine wave variation in the 
ambient temperature applied at the opposite 
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or outside surface. The large homogeneous slab h,, ha, surface transfer coefficients, outside, 
is a formal representation of a solid wall of inside respectively; 
uniform material. Since that part of the solution 
representing steady cyclic flow only is needed, it 

I 
’ 

thickness; 

is convenient to specify the mean ambient w, angular velocity. 

41 I I 
0 2 4 6 8 Tim:0 G.M.i.2 14 16 18 20 22 24 

1. The diurnal variation of temperature in a 1 ft thick wall of brickwork. 

tem~rature over each complete cycle on both 
sides of the slab at zero level. The mathematical 
formulation is as follows. 

aqx, t) 1 a%(x, t) 

----=rz-~ 8x2 

O<x<l,t>O 

k aqx, t) 
8X 

= h&x, t), 

x= 0, t>o 

k aecx, t) 
--- = h@, etut - 0(x, t)], 

l?X 
x== 4 t>o 

8(x) = 0, all x, t =o 

where the notation is 

8, temperature; 

t, time ; 

x, position ; 

0) 

For convenience dimensionless moduli are 
introduced by writing 

I 
Ba = hz - 

k’ 
B,=h,i, 

la 

T = F) 
Multipiying the equations written in dimension- 
less nomenclature by e-pt and integrating with 
respect to time between 0 and co, the following 
subsidiary equations are obtained, 

d@(5) 
___ - P&3 = 0, 

dP 
O<[<l, 

d&C) 
- = &W), 

d4 
[=O 

d&3 
x- = B, 

f=l i 

Solving (2) for e(6) and applying the inversion 
theorem for the Laplace transform, the formal 
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solution for the temperature change of the wall it passes through a homogeneous wall to the 
considered from initial time is inside surface where the ambient temperature 

is constant. The diffusivity of the conducting 
_ U-t-JW medium can be calculated from these relation- 

ships. 

B~Utl/p + &I ev WP# + (X/P - Bt) exp E- #I > exp lpd dp 
(P - is2)00 + l/P> @t + 140 exp h/p1 - tBo - y'p> (Bt - y/p> exp E- ~$1) 

(3) 

The integrand in (3) is analytic with poles at 
P = ifd and the values p = - -2, where an, 
n = 1,2,3, . . , , are the positive real roots of 

4% f Bo) 
tana+BtBo_as =O. 

For the present purpose the steady periodic 
component of the temperature change at the 
inside surface only is required. This is obtained 
by calculating the residue at p = if;) with 6 = 0, 
yielding a solution of the form 

where 

exp [i{& - d(W) + $11 (4) 

a = Bi + ~(~/2) (1 + Bt/Bol 

- [iBt - @VI (1 + WW 1 
f 

cm3 l/w9 - z/vw)~1 

+ &PO - WBO) ~(~i2)~ 

sin l/(uZ)l exp [-2d@/211 
* c9 

tan $ = (a - /~)/(a + b). 

Equations (4) and (5) are the exact solution 
defining the phase change $ and amplitude 
attenuation that develops in a simple harmonic 
variation of the outside ambient temperature as 

In the experiments described below for deter- 
mining the thermal diffusivities of some homo- 
geneous walls it was found more convenient 
to calculate this property from observations of 
the temperature of both surfaces. The solution 
for this particular case, corresponding to the 
alternating boundary condition applied as a 
change in surface temperature instead of ambient 
temperature as considered above, follows directly 
from the more general result by putting l/B0 = 0 
to give 

a = Bt -t v’(W) - [{(& - l/W9 > 
cos z/(2&2) - (Q/2) sin d(uE)] 1 

I (6) 
’ ’ b = l/@/3 + [Ut - v’@P~ > 

sin IrGQ) + Y/PP!) ms d(uall 
exp I-- WG3PN J 

The computation of thermal ditIusivity may 
be simplified without significant loss of accuracy 
by neglecting the exponential term in the 
expressions for a and b. This is permissible with 
solid masonry walls conducting a diurnal 
temperature variation and applies to the present 
results. The simpler form of the solution cannot 
apply to very thin walls or temperature waves 
of period longer than about 24 h without the 
risk of introducing substantial error. 

To summarize, periodic heat flow through a 
plane finite slab may be computated using the 
following approximate formulae for the bound- 
ary condition as specified : 

(i) variation applied in the outside air temp- 
erature, 

0 = Br + d(Q/2)(1 + BtIBo), 
b = ~'64'2) 0 + WBo + t2/Bo)~(~/2)~ 
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(ii) variation applied in the outside surface 
temperature, 

a = Bi + y’(QjZ) 
b = l/‘&?/2) 

with, in this case, 

and 

(7) 

tan 16 = l/(1 + (2/&) 1/(52/2)) 
as the approximate solution. Taking the imagin- 
ary part of (7) it follows that the steady periodic 
temperature at the inside surface of a homo- 
geneous wall, transmitting the steady periodic 
temperature 6, sin 2rrtlT where T is the periodi- 
city applied to the outside surface is 

at the Building Research Station. Behind each 
wall a cubicle heated electrically to a constant 
temperature of 65°F gave the required boundary 
condition of a fixed air temperature at the inside 
surface. The thermal conductances and surface 
transfer coefficients of the walls were obtained 
from mean values of the heat flow and surface 
temperatures measured over a continuous period 
of several days. 

The periodic heat flux prescribed in (1) was 
arranged by intermittent switching of an electric 
heater fixed to the outside surface of the wall. 
The heater consisted of a resistance winding 
rated at 500 W embedded in a rectangular 
plastic-bonded panel measuring 3 ft x 2 ft, the 
heat output of the panel being adjusted to a 
suitable value by a variabfe-ratio auto trans- 
former. This panel formed one face of a shallow 

21/(27r/KT) exp [ - ll/(~/lCZ’)] B. sin {2vt/T - I y/(n/RT) + 41 qo, t) = ~ 
y’@i2/k2 C (2~~~k) ~/(~lKT) + 2+T) 

1 
(8) 

with 

tan # =il/{l + (2k/hi) d(7rIKT)). 

It may be remarked that the phase lag for a 
similar temperature function at a distance f into 
a semi-infinite solid is I l/(r/KT). Comparing 
this result with (8) indicates that # may be 
regarded as a correction to the semi-infinite solid 
relationship that allows for the finite thickness 
of the wall. 

A further property in periodic heat flow is the 
degree of amplitude attenuation that develops 
as the harmonic function diffuses through the 
conducting medium. For the present purpose 
this is defined as the ratio, 4, of the amplitude 
of the steady harmonic temperature variation 
at the inside surface to that at the outside surface 
and from (8) is written 

~AS~~~ OF PERIODXC HEAT FLOW 
THROUGH WALLS 

The measurements were made on test walls 
measuring 8 ft square in the Wall Laboratory 

box about 7 inches deep which was insulated 
thermally on the remaining sides with cork and 
sheets of asbestos-cement. A felt gasket round 
the edges of the heater-face of the box made 
contact with the test wall to locate the heater 
about half an inch away from the wall surface. 
The gasket sealed the narrow heated space 
against air infiltration from outside. Current in 
the heater was controlled by a time-switch set to 
provide alternate heating and cooling cycles of 
equal duration. The regular train of heat pulses 
was applied with a period of 24 h to correspond 
with the natural diurnal variation of outdoor air 
temperature. The resulting cyclic vacations of 
temperature at the inner and outer surfaces of 
the wall were recorded by thermocouples 
attached to the wall at the centre of the heated 
area and connected to a recording galvanometer. 
Because of the small temperature amplitude at 
the inner surface five the~ocouples in series 
were used in this position to give increased 
sensitivity. By taking the temperature measure- 
ments at the centre of the heated area the 
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experiments approached most closely the re- 
quirement of undirectional heat flow which is 
essential to calculating diffusivities using the 
formulae given above. A typical record of the 
steady periodic temperature obtained is shown 
in Fig. 2 where it will be seen that the tempera- 
ture pattern at the inside surface is very nearly 

F Time. h 

FIG. 2. Part of a typical temperature record. 

sinusoidal. Following Parsons and Burnand [4], 
the succession of rise and decay curves that 
formed the regular variation at the outside 
surface was examined by Fourier analysis to 
determine the first harmonic. This component 
was then compared with the sine wave at the 
inside surface to give the time-lag at the switch- 
ing frequency. 

Measurements of time-lag were made on six 
walls of different material, and of the amplitude 
on three of them. All the walls were essentially 
large homogeneous slabs of material commonly 
used in building. Data were also obtained for a 
number of cavity walls (non-homogeneous 
structures) but as that part of the cavity included 
in the test area constituted an “open” airspace 
it is probable that the observations were com- 
plicated by heat removal due to natural con- 
vection in the cavity; an exact inte~retation of 
the data for this more complex case is not at 
present available. 

COMPUTATION OF THFXMAL. DIFFUSMTY 

The time-lag 8 is defined as 

SET! 
27r (10) 

where, from (S), the phase angle h takes the 
expression 

X=l j& Ji 1 - tan-l 
1 

1 + 2(k/ha) %+/KT) 

(11) 

It is noted above that the arc tan term in the 
expression for X appears as a correction to the 
corresponding solution for the semi-infinite solid 
case. With this in mind, as a first step in com- 
puting K this correcting term may be dropped, 
so that 

or, 
T 12 

I+&->. 0 (12) 

By substituting known values of T, 1 and 6 into 
(12) a first estimate for K is obtained. Equations 
(IO) and (11) give, as the exact relationship 
defining K, 

K= 

TP -- ~ 
47r [8 + (T/277) tan-r (1 -t 2(&%e) y’(7r/KT)-1]2’ 

(13) 

Using the approximate value of K already 
obtained to evaluate the correction term, a 
closer approximation may then be calculated 
with (13) and the process reiterated until the 
value of the diffusivity becomes stable. 

In Table 1 a comparison of the calculated 
values of the amplitude ratio 4 [see equation (9)] 
with those obtained from the experimental 
m~surements supports the accuracy of the 
method for calculating the diffusivity using the 
approximate form of the solution. 

RESULTS AND DISCUSSION 

Time-lag me~urements, calculated values of 
thermal diffusivity and, in a smaller number of 
cases the amplitude ratio, are summarized in 
Table 1. Values of the time-lag for walls 1,2 and 
3 were reported originally by Parsons and 
Burnand and used by them to obtain d~usivity 
values which, it is noted, are substantially higher 
than the present results. Examination has 
revealed that the earlier values of K were calcu- 
lated on the simplifying assumption that 
masonry walls of the type considered respond 
as semi-infinite solids to a harmonic temperature 
variation of period 24 h applied at the outside 
surface. The discrepancy between the two sets of 
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Table I. Results of periodic temperature measurements on homogeneous walls 

Wail construction 

1. 

5: 
4. 

5. 

6. 

Solid cast brick aggregate concrete 
Solid cast gravel concrete 
Fletton brickwork 
Aerated concrete blocks, rendered, 

plastered 
Foamed slag concrete 1: 24 : 74* 

rendered, plastered 
Foamed slag concrete 1: 2: 8 rendered, 

plastered 

Measured 

d 
fts h degF) (r:, 

8.24 0.667 5.8 - 
135 0.667 4.9 - 
6.67 0,750 5.8 - 

3.80 0583 5.3 O-165 

3.22 0.750 7.5 0.093 

2.84 0.750 8.0 0.078 

zzzz 

-- 

..- 

=i 

- 

Calculated 

( ft;h) 
4 

0.0181 - 
0.0259 - 
0.0216 - 

0.0139 0.177 

0.0129 0.084 

0.0115 0.076 

- 

* Mii proportions refer to cement : tine aggregate : coarse aggregate. 

results is attributed to the error introduced by Billington [6] summarizes ditl’usivity values for 
this assumption. several building materials; the agreement with 

The results suggest an increase in the thermal ~or~sponding values in Table 1 is fairly good. 
diffusivity with conductivity. This may be seen By employing a method due to kgstrtrm, 
from the plot in Fig. 3 which includes data Billington [5] measured the difksivities of 
reported by Billington [5,6] for other materials laboratory specimens of some poorly conducting 

0.2 04 OS 08 IO I2 l-4 I.6 I8 2.0 

K(ft*/h 1 rlO-z 

FIG. 3. Variation of them& conductivity with diflizsivity. 

covering a similar range of thermal values. A building materials and obtained results that 
similar variation that exists between conductivity agree reasonably well with the present values. 
and density probably conditions the trend of The agreement is well within the range of the 
results shown in Fig. 3, especially as the specific different values of diffusivity for these particular 
heat is the least variable among the properties materials when calculated from the defining 
involved. formulae K = /C/PC, using figures for conductiv- 
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ity, density and specific heat taken from the rise in the conductivity with moisture content 
assortment of data available in the literature. determines a similar behaviour in the diffusivity. 

The thermal diffusivities of various other A common source of error in experiments on 
materials, including metals, have been deter- heat transfer is the extreme di~culty of com- 
mined by Strong, Bundy and Bovenkerk [7l pelling heat to flow in the direction prescribed 
from measurements of the temperature propa- 
gation through a semi-infinite solid due to a 
suddenly activated plane heat source. 

Increasing interest is now being shown in the 
extent to which moisture reduces the heat 
insulating value of porous solids. This is being 
investigated largely by studying the moisture = DOIO 
dependence of thermal conductivity using vari- $ 
able-flow methods of measurement. These Y 
methods determine conductivity in a consider- 
ably shorter time than the standard steady-state 
method and are considered therefore to be the 
more suitable for use with damp material. 0 5 IO 15 20 25 30 

Depending on the boundary conditions dynamic 
Moisture content by vol., Y. 

methods will yield, in addition, the thermal Fro. 4. Variation of thermal dflusivity of cellular con- 

diffusivitv and mav be considered therefore for Crete with moisture content. 

examining the elects of moisture on this 
property also. Hatton [8] describes an experi- 
mental arrangement for this purpose and gives 
results obtained with specimens of damp fibre 
board and baked cork slab: otherwise very little 
practical data on the diffusivity of damp material 
is available. 

The form of the relationship between the 
diffusivity of a porous inorganic solid and its 
moisture content is readily determined by 
calculating the ratio k/pc. For this type of 
material Jakob [9] and others have demon- 
strated that, on average, the conductivity varies 

by theory. This usually takes the form of an 
edge heat-loss effect. Such errors in the present 
work were minimized by confining the tempera- 
ture measurements to the centre of the test area 
on both surfaces. It was assumed that distortion 
of the isothermals arising at the continuous 
boundary between the test region and the 
surrounding mass of wall material did not extend 
to this central position. This was justified with 
the aid of a theoretical solution reported by 
Clarke and Kingston [ll] for a problem similar 
to that now considered. 

with moisture content as follows: 
A CO~~A~ON CHART FOR PERIODIC 

Factor f to correct HEAT FLOW 
Water content w conductivity values The calculation of K using equation (13) can 

(‘“:* %) : 
of bone-dry material be tedious. Values may be obtained more simply, 

1.30 though perhaps with slightly less accuracy, from 
2.5 1.55 a chart prepared by rewriting (10) as 
5 1.75 

10 2.10 
15 2.35 s=,/(E). J(S) 
20 2.55 
25 2.75 -gtan-‘[l +; J($ AJAX] (14) 

Using this result the curve in Fig. 4 has been 
calculated for such a material. The form applies 
generally and similar results, for example, are or functionally 

reported by Rider [lo] for soil. The high initial 8 = f(C, Q/C:, 
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where Q is the quantity of heat contained by the except for small values of Q/C when the follow- 
slab in the steady state for unit temperature ing exact expression may be preferred, 
difference between opposite faces and equal 
therefore to pclJ2, and C is the thermal con- 
ductance equal to k/l, Choosing C as the para- 

6= ~~~),J~~) -itan-l[si) 

meter and piotting Q/C against 6 a family of in which the formulae for a and b [see equations 

Btu/ft*h deg F 

Time -lag, 6 h 

FIG. 5. Periodic heat flow through a uniform slab. Q/C vs. time-lag, 6. 

Btu/ftzh deg F 

6 

Amplitude ratio. 9 

FIG. 6. Periodic heat flow through a uniform slab. Q/C vs. amplitude ratio, QI. 

curves may be constructed to give the diffusivity (6)] may be written as functions of C and Q/C. 
directly for the observed time lag and known Such a chart is shown in Fig. 5. It has been 
conductance of the wall, for constructed for a sinusoidal variation in the 

Q/C = (pcZ/2) (l/k) = 12/2K. 
temperature of the outside surface, period 24 h, 
and a value for the inside surface heat-transfer 

The formula (14) is su~ciently accurate coefficient ht of I.4 Btujfts h degF. The corres- 
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ponding chart for the amplitude ratio has been 
similarly constructed and is shown in Fig. 6. 

CONCLUSION 

A method is described for determining the 
thermal diffusivities of uniform solid walls by 
measuring the time lag in the passage of a steady 
periodic temperature variation of sinusoidal 
form through large test panels measuring 8 ft 
square. Hitherto measurements of diffusivity 
have been made on a few building materials of 
low thermal conductivity using small laboratory 
specimens only; the present results are more 
applicable therefore to the walls of actual 
buildings. The smaller size of the applied heat 
source compared with that of the complete test 
panel restricted the measurements to solid walls. 
The method is now being developed for applica- 
tion to walls of cavity construction; this requires 
a plane heat source uniformly applied to the 
complete area of the outer surface of the wall. 
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R&sum&-Des solutions analytiques sont obtenues pour un flux de chaleur periodique a travers une 
plaque plane de grandes dimensions constituee d’un mattriau isotrope. Les resultats sont utilids pour 
le calcul des diffusivitts thermiques a partir des mesures du delai de propagation dune variation 

ptriodique de temperature a travers des parois planes de briques et de beton. 

Zusammenfassung-Analytische Losungen erhielt man ftir den periodischen WPmestrom durch eine 
grosse aber endliche, ebene Platte aus isotropem Material. Die Ergebnisse dienen zur Bestimmung der 
Temperaturleitkoeflizienten auf Grund von Messungen der Verzogerung beim Fortschreiten einer 
stationlren, periodischen Temperatur;inderung durch eine feste, ebene Wand aus Ziegel und Beton. 

AnnoTaqwsr-noryseHht aHaHHTm4ecKHe pemeHHH pnn cnysarr nepHo~HsecKHx ~OTOKOB 
Tenna sepea ~30~porr~brlt MaTepHan nnoc~oti mrm~br KoHeHHbrx paanrepoa. PeaynbTaTht 
HCnOJIb3yIOTCR AJIH paCHeTa K03@@HnI@HTOB T’?pMOHH@@ySHH II0 BeJIHHHHaM Bp3MeH 3ana3AbI- 
BaHHH npH CTanUOHapHHlX nepMOHHHeCKHX TeMnepaTypHblX BO3@iCTBHHX B IIJIOCKHX 

TBepRnX CT3HKaX KHpnU=iHMX II 6eTOHHbIX COOpyHCeHHH. 


